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Tessellation: Tiling the plane

u Introduction to Tessellation (ñtilingò)

u Some examples and definitions

u Periodic tiling

u A story of pentagonal tiling

u Aperiodic tiling

u A story of Penrose tiling



Tessellation: Examples

u Tessellation is the covering of a plane using one or more geometric  shapes, with no 

overlaps and no gaps.

Regular, periodic tiling

Voderberg tiling

Penrose tiling, aperiodic, using 2 shapes

Tiling with curved shapes M.C. Escher, 1951



Tessellation: Some definitions

u Regular tilings: regular polygonal tiles all of the same shape.

u Semiregular tilings:  regular polygonal tiles of more than one shape.

u Aperiodic tiling: uses a small set of tile shapes that cannot form a 

repeating pattern.



Some tiling fundamentals

u All triangles tile the plane.

u All quadrilaterals  tile the plane.

u The quadrilateral need not be convex.

u Regular pentagons cannot tile the plane. 

u Some equilateral pentagons can tile the plane.

u No convex polygon with more than 6 sides can tile the plane.

u The first story focuses on convex pentagonal tiling.



A story of pentagonal tiling

u Scientific American, 1975. Martin Gardnerôs column Mathematical Games

u ñOn tessellating the plane with convex polygon tilesò

u Five tiling pentagons discovered by Karl Reinhardt, 1918.

u Three more discovered by R. B. Kershner, 1968.

u Kershner claimed in this article that the set was complete with 8 pentagonal tilings.



Marjorie Rice

u Marjorie Rice, a Florida housewife and mother of 6, with one year of high school math, 

read the tiling article in her sonôs copy of Scientific American.

u She decided to investigate.

u "by drawing diagrams on the kitchen table when no one was around and hiding them when her 

husband and children came home, or when friends stopped byò

u Developed her own notation.
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u She discovered four more convex pentagons that tile the plane, 1976.

u Gardner: ñFantastic achievementsò. He honored her in an addendum to his article.

u Kershner immediately admitted his mistake.

u The list of convex tiling pentagons now stands at 15, with a partial proof of completeness.



Aperiodic tiling: the early days

u Does not form a repeating pattern.

u The first specific occurrence of aperiodic tilings arose in 1961, Hao Wang.

u He first identified a set of 20,426 tiles, later reduced to 11 by Rao, 2015.

u After the discovery of quasicrystals, aperiodic tilings were studied by physicists and mathematicians.



Aperiodic tiling: Penrose
ü Roger Penrose

u Nobel Laureate in physics, 2020, with Reinhard Genzel and Andrea Ghez.

u Black hole formation is a robust prediction of the general theory of relativity.

u Physicist, mathematician, cosmologist, popular author. Collaborator with Stephen 

Hawking.

u In 1994, Penrose was knighted for services to science.

u Discovered several new aperiodic tilings, starting in 1974. 



The three Penrose tilings

P1 P2 (kites and darts) P3

As few as 2 tile shapes. No edge-coloring required.


